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Abstract
It has been conjectured that at the stationary point of the tachyon potential for the
non-BPS D-brane or brane-anti-D-brane pair of superstring theories, the negative energy
density cancels the brane tension. We study this conjecture using a cubic superstring field
theory with insertion of a double-step inverse picture changing operator. We compute the
tachyon potential on levels 1 and 4, obtaining 69% and 88% of the expected vacuum energy







One of the main motivation to construct string eld theory (SFT) was a hope to study non-
perturbative phenomena in string theory [1, 2]. SFT gives an o-shell formulation of a string
theory providing a possibility to investigate non-perturbative phenomena in a systematic way.
The bosonic open string has a tachyon that leads to an instability of a perturbative vacuum.
In the early works by Kostelecky and Samuel [3] it was proposed to use SFT to describe
condensation of the tachyon to a stable vacuum. They have shown that a truncation of open
SFT at low levels gives a rather systematic approximation scheme to calculate the tachyon
eective potential. Moreover, within this calculation scheme the tachyon potential in open
bosonic string has a nontrivial minimum.
Further [4], the level truncation method has been applied to study an eective potential
of auxiliary elds in a cubic superstring eld theory (SSFT) [5, 6, 7]. It was found that some
of the low-lying auxiliary scalar elds acquire non-zero vacuum expectation values providing
a new mechanism for supersymmetry breaking. The gauge vector eld becomes massive while
the physical spinor remains massless, thus the supersymmetry is broken in the nonperturbative
vacuum.
Recently, Sen has proposed [8] to interpret the tachyon condensation as a decay of unstable
D-brane. In the framework of this interpretation the vacuum energy of the open bosonic string in
the Kostelecky and Samuel vacuum cancels the tension of the unstable D-brane (more precisely
a dierence between Kostelecky and Samuel vacuum and unstable perturbative vacuum should
be equal to the tension of the unstable D-brane). This cancellation has been checked [9] at
the low levels. Further it was argued that the value of the tachyon potential at the minimum
cancels 99% of bosonic D-brane’s tension [10].
The tachyon potential has been also evaluated in non-polynomial [11] open superstring eld
theory [12]. Note that in this case the tachyon comes from GSO− sector and calculations
involve only the NS string. Later on [13], the calculations have been expanded up to the level
3=2 and 85% of the non-BPS D-brane’s tension has been cancelled. In the subsequent papers
[14] the calculations involving high levels were performed and the value of the tachyon potential
at minimum was found to cancel 90:5% of the brane’s tension.
In this note we compute the tachyon potential in the cubic SSFT. We also nd nontrivial
minimum with the value of potential being 88% of the brane tension.
The paper is organized as follows. Section 2 contains the brief review of cubic SSFT. In
section 3 we determine the brane tension in cubic theory. In Section 3 the actual calculations up
to the second nontrivial level are performed. Appendices contains some necessary information.
2 Open Superstring Field Theory
2.1 Fermionic String Field Theory
The original Witten’s proposal [2] for NSR superstring eld theory action reads (we list only
NS sector, relevant for the following):
SW =
∫
A ? QBA+ 2
3
∫
XA ?A ?A: (2.1)
1
Here QB is the BRST charge,
∫
and ? are Witten’s string integral and star product to be
specied below. The string field A is a series with each term being a state in the Fock space H
times space-time eld. States in H are created by the modes of the matter elds X and  ,








The characteristic feature of the action (2.1) is the choice of the −1 picture for the string
eld A. The vacuum j0i−1 in the NS sector is dened as
j0i−1 = c(0)e−(0)j0i; (2.3)
where j0i stands for SL(2;R)-invariant vacuum and  is the eld "bosonizing" the ; γ system:










in the cubic term is just aimed to absorb the unwanted unit of the  charge as only h0je−2j0i 6=
0.
The action (2.1) suers from the contact term divergencies [16, 17, 18, 19] which arise when
a pair of X-s collides in a point. This sort of singularities appears just at the tree level. To
overcome this trouble it was proposed to change the picture of NS string elds from −1 to 0,
i.e. to replace j0i−1 in (2.2) by j0i [5, 6]. States in the −1 picture can be obtained from states
in the 0 picture by the action of the inverse picture-changing operator Y [15]
Y = 4c@e−2
with XY = Y X = 1. This identity holds outside the ranges kerX and ker Y . Therefore there
are states that can not be obtained by applying the picture changing operators X and Y . This
fact is relevant for the following.
The action for the NS string eld in the 0 picture has the cubic form with the insertion of
a double-step inverse picture-changing operator Y−2 [5, 6]1:
S =
∫
Y−2A ? QBA+ 2
3
∫
Y−2A ?A ?A: (2.5)
We discuss Y−2 in the next subsection.
In the description of the open NSR superstring A is a subject to be GSO+. In the 0 picture
there is a variety of auxiliary elds as compared with the −1 picture. These elds are set to zero
by means of free equation of motion: QBA = 0, but they play a signicant role in a subsequent























+ : : : geikX(0;0)j0i:
1One can cast the action into the same form as the action for the bosonic string if one modifies the NS string
integral accounting the ”measure” Y−2:
∫ 7! ∫ Y−2.
2
Here u and r are just the auxiliary elds mentioned above.
The SSFT based on the action (2.5) is free from the drawbacks of the Witten’s action (2.1).
The absence of contact singularities can be explained shortly. Really, the tree level graphs are
generated by solving the classical equation of motion by perturbation theory. For Witten’s
action (2.1) the equation reads
QBA+XA ?A = 0:
The rst nontrivial iteration (4-point function) involving the pair of XA ? A vertices produces
the contact term singularity when two of X-s collide in a point. In contrast, the action (2.5)
yields the following equation
Y−2(QBA+A ?A) = 0:
Outside the ker Y−2 the operator Y−2 can be dropped out and therefore the interaction vertex
does not contain any insertion leading to singularity. The complete proof of this fact can be
found in [5, 6].
2.2 Double Step Inverse Picture Changing Operator
To have well dened SSFT (2.5) the double step inverse picture changing operator must be
restricted to be
a) in accord with the identity2:
Y−2X = XY−2 = Y; (2.6)
b) BRST invariant: [QB; Y−2] = 0;
c) scale invariant conformal eld, i.e. conformal weight of Y−2 is 0,
d) Lorentz invariant conformal eld, i.e. Y−2 does not depend on momentum.
The point a) provides the formal equivalence between the improved (2.5) and the original
Witten’s (2.1) actions. The points b) and d) are obvious. The point c) is necessary to make
the insertion of Y−2 compatible with the ?-product.
As it was shown in paper [6], there are two (up to BRST equivalence) possible choices for
the operator Y−2.
The rst operator, the chiral one [5], is built from holomorphic elds in the upper half plane
and is given by
Y−2(z) = −4e−2(z) − 16
5 0
e−3c@  @X(z): (2.7)
The identity (2.6) for this operator reads
Y−2(z)X(z) = X(z)Y−2(z) = Y (z):
This Y−2 is uniquely dened by the constrains a){d).
The second operator, the nonchiral one, is built from both holomorphic and antiholomorphic
elds in the upper half plane and is of the form:
Y−2(z; z) = Y (z)Y˜ (z): (2.8)
2We assume that this equation is true up to BRST exact operators.
3
Here by Y˜ (z) we denote the antiholomorphic eld 4~c(z)@ ~(z)e−˜(z). For this choice of Y−2 the
identity (2.6) takes the form:
Y−2(z; z)X(z) = X(z)Y−2(z; z) = Y˜ (z):
The issue of equivalence between the theories based on chiral or nonchiral insertions still
remains open. The rst touch to the problem was performed in [20]. It was shown that the
actions for low-level space-time elds are dierent depending on insertion being chosen.
In the present paper the actual calculations started in Section 3 are based on nonchiral
operator Y−2(z; z), but up to the end of current section general points of the discussion are
insensitive to the concrete choice of Y−2.
2.3 SSFT in the Conformal Language
For the actual SSFT calculations it is convenient to employ the tools of CFT [21]. States in
H are created by the action of vertex operators (taken in the origin) on the conformal vacuum
j0i. In the conformal language the ∫ and ?-product mentioned above are replaced by the odd
bracket hh:::j : : : ii, dened as follows
hhY−2jA1; : : : ; Anii =
〈






j  Y−2(i; i)F (n)1  A1(0) : : : F (n)n  An(0)
〉
; n = 2; 3:
(2.9)
Here r.h.s. contains SL(2;R) -invariant correlation function of CFT. Aj (j = 1 : : : n) are vertex






















By F  A(0) we denote the conformal transform of A by F . For instance, for a primary eld
Oh(z) of weight h, one gets F  Oh(0) = [F 0(0)]hOh(F (0)).
Y−2 is the double-step inverse picture changing operator (2.8) inserted in the center of the
unit disc. This choice of the insertion point is very important, since all the functions f
(n)
j maps
the points i (the middle points of the individual strings) to the same point | the origin of the
unit disc. In other words, the origin is a unique common point for all the strings (see Figure 1).
The next important fact is the zero weight of the operator Y−2, so its conformal transformation
is very simple f  Y−2(z; z) = Y−2(f(z); f(z)). Due to this property it can be inserted in any
string. This note shows that the denition (2.9) is self-consistent and does not depend on a
choice of a string on which we put the insertion.
Due to the Neumann boundary conditions, there is a relation between holomorphic and an-
tiholomorphic elds. So it is convenient to employ a double trick (see details in [22]). Therefore,
Y−2(z; z) can be rewritten in the following form3
Y−2(z; z) = Y (z)Y (z):
3Because of this formula, the operator Y−2(z, z) is sometimes called bilocal.
4
Figure 1: The maps. Witten’s vertex.
Here Y (z) is holomorphic eld and z denotes the conjugated point of z with respect to a
boundary, i.e. for the unit disc z = 1=z and z = z for the upper half plane. From now on we
work only on the whole complex plane. Hence the odd bracket takes the form
hhY−2jA1; : : : ; Anii =
〈
Y (Pn(0))Y (Pn(1))F (n)1  A1(0) : : : F (n)n  An(0)
〉
: (2.11)
To summarize, the action we start with reads










Here go is dimensionless coupling constant. In Section D it will be related to a tension of a
D-brane.
2.4 Superstring Field Theory on non-BPS D-brane
Following [23] the open string states living on a single non-BPS D-brane are divided into two
classes, GSO+ and GSO− states. GSO+ states are Grassman odd, while GSO− states are
Grassman even (see Table 1). In this section we extend the action (2.12) to GSO− sector.
Name Parity GSO Comment
A+ odd + string eld in GSO+ sector
A− even − string eld in GSO− sector
+ even + gauge
− odd − parameters
Table 1: Parity of string elds and gauge parameters in the 0 picture.
To this end it is possible to follow the way proposed in [12, 24], but we choose another one.
Instead of multiplying the elds in GSO+ and − sectors on internal CP factors, we use gauge
5
symmetry to x all the terms in the action. The unique (up to rescaling of the elds) action
unifying GSO+ and − sectors is found to be














Here the factors before the odd brackets are xed by the constraint of gauge invariance, that
is specied below, and reality of the string elds A. Variation of this action with respect to
A+, A− yields the following equations of motion4
QBA+ +A+ ?A+ +A− ?A− = 0;
QBA− +A+ ?A− −A− ?A+ = 0:
Note that to obtain these equations one should use the cyclicity property (see Appendix B) of
the odd bracket (see (B.1)). The action is invariant under the gauge transformations
A+ = QB+ + [A+;+]− fA−;−g;
A− = QB− + [A−;+] + fA+;−g;
(2.14)
where [ ; ] (f ; g) denotes ?-commutator (-anticommutator). To prove the gauge invariance, it is
sucient to check the covariance of the equations of motion under the gauge transformations
(2.14). A simple calculation leads to
(QBA+ +A+ ?A+ +A− ?A−)
= [QBA+ +A+ ?A+ +A− ?A−; +]− [QBA− +A+ ?A− −A− ?A+; −];
(QBA− +A+ ?A− −A− ?A+)
= [QBA− +A+ ?A− −A− ?A+; +] + [QBA+ +A+ ?A+ +A− ?A−; −]:
Note that to obtain this result the associativity of ?-product and Leibniz rule for QB must be
employed. These properties follow from the cyclicity property of the odd bracket (see Appendix
B). These formulae above show that gauge transformations dene Lie algebra.
3 Computation of the Tachyon Potential
Here we explore the tachyon condensation on the non-BPS D-brane. In the rst subsection,
we describe the level expansion of the full tachyon string eld relevant to the condensation and
level expansion of the action. In the second subsection, we calculate the tachyon potential up
to levels 1 and 4, nd its minimum and thereby conrm Sen’s conjecture [8].
3.1 The Tachyon String Field
The useful devices for computation of the tachyon potential were elaborated in [9, 26, 12]. We
employ these devices without additional references.
4We assume that r.h.s. is zero modulo kerY−2.
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Denote by H1 the subset of vertex operators of ghost number 1 and picture 0, created by
the matter stress tensor TB, matter supercurrent TF and the ghost elds b, c, ,  and . We
restrict the string elds A+ and A− to be in this subspace H1. We also restrict ourselves by
Lorentz scalars and put the momentum in vertex operators equal to zero.
Next we expand the tachyon eld A in a basis of L0 eigenstates, and write the action
(2.13) in terms of space-time component elds. The string eld is now a series with each
term being a vertex operator from H1 times space-time component eld. We dene the level
(grading) of string eld’s component Ai to be h+ 1, where h is the conformal dimension of the
vertex operator multiplied by Ai. To compose the action truncated at level k we select all the
quadratic terms for the space-time elds of levels no more then k
2
and the cubic terms for these
elds with total levels no more then k.
To x gauge invariance (2.14), we choose Siegel gauge: b0A = 05. Hence, to calculate the
action up to level 4 we are left with the collection of vertex operators listed at the Table 2.
Note that there are some extra elds in the 0 picture as compared with the picture −1 (see
Level Weight GSO Twist Name Picture -1 Picture 0
L0 + 1 L0 (−1)F Ω Vertex operators
0 −1 + even u | c
1=2 −1=2 − even t ce− e
1 0 + odd ri c@c@e
−2 @c; c@
3=2 1=2 − odd si c@e− cTF ; @(e)
bce; @e
2 1 + even vi ; TF ce
− @2c; cTB; cT
@c@2ce−2 cT; c@2; TF e
Table 2: Vertex operators in pictures −1 and 0.
Section 2.1). Surprisingly the level L0 = −1 is not empty, it contains the eld u. One can check
that this eld is auxiliary. In the following analysis it plays a signicant role. Only due to this
eld in the next subsection we get a nontrivial tachyon potential (as compared with one given
in [24]) just at the level 1.
As it is shown in Appendix C the string eld theory action in the restricted subspace H1
has Z2 twist symmetry. Since the tachyon vertex operator has even twist we can consider a
further truncation of the string eld by restricting A to be twist even. Therefore the elds
ri; si are dropped out and the string eld (in GSO sectors) up to level 2 takes the form
A+(z) = u c(z) + v1 @2c(z) + v2 cTB(z) + v3 cT(z) + v4 cT(z)
+ v5 c@






5The legitimacy of this gauge can be proved at the linearized level. Also the gauge b0A = 0 can be made
only for states with non zero L0 eigenvalue. The analysis of a possibility to fix the gauge in cubic theories with
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Figure 2: Graphics of the tachyon potential on the levels 1 and 4.
3.2 The Tachyon Potential
Here we give the result for the action and the potential by truncating them up to level 4. Since
the tachyon eld (3.1) expands over the levels 0, 1
2
, and 2 we can truncate the action at the
levels 1 and 4 only. All the calculations have been performed on a specially written program






































+ 4uv1 − 2uv3 − 8uv4 + 8uv5 + 4v21 + 8v1v3 − 32v1v4 + 24v1v5
+v23 − 16v3v4 + 4v3v5 +
77
2
v24 − 52v4v5 + 22v25
]
: (3.3)
Here ~p is a tension of non-BPS Dp-brane given by (D.7). Note that L(4) does not contain the
elds v2 and v6. They do give a nontrivial contribution to L(4) but in contrast to the other elds
they do not interact with t directly. We include this additional restriction into the truncation
scheme.
The lagrangians computed up to level 4 include the elds u and vi only quadratically. So
these elds can be integrated out exactly to nd an eective potential V(t) = −L(t) for the





























The critical points of these functions are collected in Table 3. One sees that the potential has
Potential Critical points Critical values




















Table 3: The critical points of the tachyon potential on levels 1 and 4.
a global minimum and the value of this minimum is 69% on level 1 and 88% on level 4 of the
tension ~p of the non-BPS Dp-brane.
4 Discussion
We have computed the eective tachyon potential for non-BPS-D-brane in cubic SSFT on two
rst nontrivial levels. We conrm the existence of the minimum as it was predicted by Sen’s
conjecture. We obtain 69% of brane’s tension at the rst step and 88% at the second.
The essential feature of our scheme is the choice of the 0 picture for the string eld in
contrast to the −1 picture of Witten’s SSFT. This choice of the picture enlarge the set of
space-time elds involved into the calculation at any level. For instance, at level 4 we have
tested the potential which was obtained by replacing the level 2 elds vi by the collection of
level 2 elds from the −1 picture (see Table 2) and failed to derive a sensible result.
On the other hand, we were forced to slightly improve the level truncation scheme by
excluding from our computation the elds v2 and v6 which do not interact directly with t. The
potential calculated with v2 and v6 included seems to be meaningless. This fact raise up the
issue of proper modication for the level truncation scheme.
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c(z)b(w)  b(z)c(w)  1
z−w γ(z)(w)  −(z)γ(w)  1z−w
(z)(w)  − log(z − w) (z)(w)  (z)(w)  1
z−w











2 (p+ k)(y − z)2 0(k2+b2)
TB = − 1 0@X  @X − 1 0@   TF = − 1 0@X   
Tbc = −2b@c − @bc Tγ = 32@γ − 12@γ
T = −12@@ − @2 T = @
TB(z)TB(w)  152(z−w)4 + 2(z−w)2TB(w) + 1z−w@TB(w)
TB(z)TF (w)  3=2(z−w)2TF (w) + 1z−w@TF (w)
TF (z)TF (w)  5=2(z−w)3 + 1=2z−wTB(w)
γ = e  = e−@































Table 4: Notations, correlation functions and OPE.
B Cyclicity Property
The proof of the cyclicity property is very similar to one given in [13]. But there is one specic
point | insertion of the operator Y−2. So we repeat the proof with all necessary modications.
Let T denotes rotation by 2
n
on the unit disc. It has two xed points namely 0 and 1 and
the following composition laws
T  f (n)j = f (n)j+1; j < n; T  f (n)n = R  f (n)1 ;
where R denotes rotation by 2. Here the maps f
(n)
j are dened in (2.10). Since the weight of
the operator Y−2 is zero and 0 and 1 are xed points of T and R, the operator Y−2 remains
unchanged. Since the correlation function is SL(2;R) -invariant we can write down a chain of
10
equalities
hY−2 F (n)1  A1 : : : F (n)n−1  An−1F (n)n  i = hY−2 f (n)1  A1 : : : f (n)n−1  An−1f (n)n  i
= hY−2 T  f (n)1 A1 : : : T  f (n)n−1  An−1T  f (n)n  i
= e2ihΦhY−2 F (n)1  F (n)2  A1 : : : F (n)n  An−1i:
In the last line we assume that  is a primary eld of weight hΦ and use the transformation law
of primary elds under rotation. Also we change the order of operators in correlation function
without change of a sign, because the expression inside the brackets should be odd (otherwise it
will be equal to zero) and therefore no matter whether  odd or even. So the cyclicity property
reads
hhY−2jA1; : : : ; Anii = e2ihnhhY−2jAn; A1; : : : ; An−1ii (B.1)
Examples. Now we consider some applications of the cyclicity property (B.1). Since elds
in GSO+ sector have integer weights the exponential factor is equal to 1, while GSO− sector
consists of the elds with half integer weights and therefore the exponential factor is −1. Now
we give few examples
hhY−2jA+; QBA+ii = hhY−2jQBA+; A+ii
hhY−2jA−; QBA−ii = −hhY−2jQBA−; A−ii
hhY−2jA+; A−; A−ii = −hhY−2jA−; A+; A−ii = hhY−2jA−; A−; A+ii:
(B.2)
C Twist Symmetry
The proof of the twist symmetry is similar to one given in [13]. But there is one specic point
| insertion of the operator Y−2. So we repeat this proof here with all necessary modications.
A twist symmetry is a relation between correlation functions of operators written in one
order and in the inverse one.
hhY−2jO1; : : : ;Onii = (−1)?hhY−2jOn; : : : ;O1ii: (C.1)
We are interesting in this relation for n = 3.
1) Let M(z) = −z, ~I = 1=z and R(z) = e2iz. These transformations act on a primary
conformal eld Oh as follows





; R  Oh(z) = e2ihOh(e2iz):
Since the pair of points 0 and 1 is not aected by M , ~I and R, the double-step inverse picture
changing operator Y−2 remains unchanged. There are composition laws
f
(n)
1 M = ~I R  f (n)1 ; f (n)j M = ~I  f (n)n+2−j; 2 6 j 6 n; (C.2)
where the maps f
(n)
j are dened in (2.10).
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2) Since there is an identity M  O(0) = eihO(0) we can apply it to (C.1)
hhY−2jO1; : : : ;Onii = (−1)
∑
hjhY−2 ~I R  f (n)1  O1 ~I  f (n)n  O2 : : : ~I  f (n)2  Oni
= (−1)∑hje2ih1hY−2 f (n)1  O1 f (n)n  O2 : : : f (n)2  Oni;
in the latest line we use the invariance with respect to SL(2;R). Let N 0odd be a number of odd
elds in a set fO2; : : : ;Ong. After applying the cyclicity property (B.1) and rearranging the
elds one gets







2 hhY−2jOn; : : :O1ii:
3) We will consider only interaction terms thereforeNodd (a number of odd elds in a set fO1; : : : ;Ong)







2 = (−1)m = (−1)n+12 (−1)Neven2 +Nodd:
So we have proved a twist property
hhY−2jO1; : : : ;Onii = (−1)n+12
n∏
j=1
Ωj hhY−2jOn; : : : ;O1ii; where
Ωj =
{
(−1)hj+1; h 2 Z (i.e. GSO+)




Examples. For n = 3 one gets a relation
hhY−2jO1;O2;O3ii = Ω1Ω2Ω3 hhY−2jO3;O2;O1ii: (C.4)











2) + A1A2A1 + A
3
2
should be twist invariant to be nonzero. Therefore we get Ω1 = 1 and Ω2 = 1.
ii) Let we have elds A+ and A− = a1 + a2. Using cyclic property (B.2) one gets









So we get Ω+ = 1 and Ω+Ω1Ω2 = 1. If Ω1 = 1 (tachyon’s sector) then Ω2 = 1 too. Therefore
we can consider a sector with Ω = 1 only.
D Tension of (non-)BPS Dp-brane
Here we determine the tension of BPS Dp-brane using SSFT in terms of go and 
0. We follow the
strategy proposed in [13]. However, there are several specic points of the present calculation.
Namely, we work in picture 0, use the action (2.13) and do not x any particular value of  0.











Here xj() denote the coordinates of the Dp-brane,  = 0; : : : ; p, i = p + 1; : : : ; 9 and 
 are
coordinates along D-brane.






















Note that this vertex operator is written in the 0 picture and can be obtained by applying
picture changing operator (2.4) to the massless vector vertex operator in picture−1. Performing
standard SSFT calculations (based on GSO+ sector and the action (2.13)) one gets the i
kinetic term










The Fourier transform of i has an interpretation of the Dp-brane’s coordinate up to an overall
normalization factor. Following [13] We determine this factor analyzing the system of two
BPS Dp-branes and strings stretched between them. As in [13], we use 2  2 Chan-Paton














corresponds to the string eld which describes
translation of one of the branes along the axe xi on a small amount proportional to i. String































Here bi is a distance between branes and we choose the vector ~" to be orthogonal to ~b. The













The action for the elds u, u and i is given by
~S = − 1
g2o



























(by 0 we mark a term that has been calculated on-shell, the trace over CP matrices has been




















This formula denes a shift of string’s spectrum under a displacement of one of the branes on













where xi is a small translation along the axe xi. Identifying the last term in the (D.4) with









Substitution of this relation into the action (D.3) yields



















For the following, we also need the tension ~p of the non-BPS Dp-brane. It is known [23]
that tensions of BPS and non-BPS Dp-brane are related by the formula ~p =
p
2p. Therefore,
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